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Abstract
The eective one-loop action for general dilaton theories with arbitrary dilaton-dependent
measure and nonminimal coupling to scalar matter is computed. As an application we
determine the Hawking flux to innity from black holes in d-dimensions. We resolve the
recently resurrected problem of an apparent negative flux for nonminimally coupled scalars:
For any D  4 Black Hole the complete flux turns out to be precisely the one of mini-
mal coupling. This result is obtained from a Christensen-Fulling type argument involving
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1 Introduction
The study of gravity models in two dimensions provides some important answers to the dicult
questions posed by the quantization of gravity. Indeed, the restriction to one time and one space
coordinate of Einstein gravity in four and higher dimensions, to aD = 2 dilaton theory (spherical
reduction, SRG) [1] represents a class of such models with immediate physical relevance.
The last decade has seen substantial progress in this eld. Especially the use of a light cone
gauge for the Cartan-variables [2] which amounts to choosing an Eddington-Finkelstein gauge
for the 2d metric has led to a much better and simpler understanding of the classical theory
[3, 4] as well as at the quantum level [5]. Most of these results have turned out to be less obvious
or even not attainable in the traditional approach where a conformal gauge was used for the 2d
metric [6, 7].
In order to be able to attribute to 2d models of gravity a sucient credibility as far as the
application of their results to the genuine (higher dimensional) case is concerned, an obvious
precondition is that what has been found already at D  4 should be fully reproduced in
D = 2, wherever such an overlap occurs and can be tested. Hawking radiation, one of the most
interesting features of Black Hole (BH) physics, is a consequence of precisely this kind. It is
known from calculations in D = 4 that the thermal radiation from a BH to innity is related to
the Hawking temperature at the horizon according to the laws of black body radiation [8]. A
central role is played by the scale anomaly of the energy momentum (EM) tensor.
By spherical reduction from D  4 the scalar eld acquires nonminimal coupling to the
dilaton eld. That this may cause complications in a fully twodimensional calculation of the
Hawking flux has been realized only relatively recently in the pioneering paper by V. Mukhanov
and collaborators [9]. As observed for the rst time by these authors, a naive adoption of the
4D approach due to the dependence of the anomaly of the dilaton eld leads to a negative flux
at innity. Therefore, these authors added to their integrated eective (Polyakov) action a non
local Weyl-invariant term of the Coleman-Weinberg type which depends on a renormalization
scale. Then the sign of the resulting total flux was seen to become positive.
This question was taken up in a number of papers with mutually contradicting results for
the anomaly [10, 11, 12, 13, 14]. It was claimed [11, 13] that coupling to the dilaton eld may be
a source of instabilities and \anti-evaporation" phenomena. Even the conformal anomaly itself
became the subject of a discussion [10, 11, 12, 14, 15]. In our opinion this part of the problem
has been settled with the enlightening paper by Dowker [16] who conrmed the previous results
[9, 10, 14] for SRG and our result [12] for general dilaton models. A recent summary of the
dierent approaches leading to apparent anti-evaporation and a general framework for a solution
of this problem has been proposed in [17]; another attempt to solve this problem can be found
in [18].
We believe that our present work for the rst time provides a complete and satisfactory
answer to the question of 2d Hawking radiation from nonminimally coupled scalar elds. Our
approach is based upon a consistent use of -function regularization, not only for the part of the
eective action determined by minimally coupled scalars, but also for the part controlled by the
dilaton eld.
In Section 2 we recall the action of SRG in D  4 dimensions. We summarize our conventions
for the solution of this (BH) background part. We also derive in a simple manner the noncon-
servation relation for the EM tensor, valid for arbitrary dilaton theories in any dimension for
nonminimally coupled matter. The integrated eective action is determined in Section 3. Our
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result generalizes the Polyakov action [19] to arbitrary nonminimal dilaton coupling of matter
elds and to arbitrary dilaton dependent measure. Section 4 contains the application of the re-
sults of Sect. 3 to the Hawking flux at innity. We rst integrate the nonconvervation equation
for the EM tensor. Here the input is the 2d anomaly together with the result for the \dilaton
anomaly", not requiring the knowledge of the functionally integrated action. Subsequently it is
seen that the same result for the flux follows from the EM tensor, obtained directly from that
action.
2 Dilaton theory for spherical reduction
2.1 Spherically reduced action
SRG in D  4 is based upon the choice of the d-dimensional metric
(ds)2 = gµνdx
µdxν − e− 4D−2φ(dΩ)2 ; (1)
where dΩ is the standard line element on SD−2. The dilaton eld  and gµν depend on the two







D − 2 (r)
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)
(2)
which is the particular case a = D−3
D−2 and B = −14(D − 2)(D − 3) of a more general dilatonic
Lagrangian treated in [4] for general values of the parameter 0  a  1
Lg =
p−ge−2φ(R + 4a(r)2 + Be4(1−a)φ): (3)
The family of models of this type comprises all theories with one horizon, Minkowski asymp-
totics and (for 0 < a < 1) with the same (null- and non-null incomplete) singularity as the
Schwarzschild BH. The dilaton BH [6] is contained as the limit a = 1 or d ! 1. It has
null-complete geodesics at the singularity [4].
The most convenient way to obtain the general solution for (2) or (3) has been described in
[4]. For our present purposes we need the background solution in conformal gauge. With the
proper choice of the coordinates [20, 21] which yields the Minkowski metric in the asymptotic
region it takes the form











D − 2) (6)
where uh is the value of u at the horizon (dened by the equation K(uh) = 0), the asymptotic
region corresponds to u = 1. The explicit expression for uh is not needed for our calculations,
uh is proportional to the absolutely conserved quantity C, which, in turn, is proportional to
the ADM mass of the BH [21]. For D = 4 one obtains the usual Schwarzschild solution. In
the solution (4)-(6) we slightly change the notation of [21] (U ! u; L(U) = −K(u)). The line
element (4) in conformal light cone coordinates reads
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where x = z. The range for z is −1  z  +1. Thus derivatives of light cone coordinates,
acting on functions of u become





For completeness we also quote the Hawking temperature, computed from K(u) as the surface








Reducing the action for massless matter f , coupled minimally in D = 4 according to (1)




p−g gµν (@µf) (@νf) : (10)
The formalism in the following will be developed for a general dilaton factor exp(−2’()).
Spherical reduction also aects the denition of the covariant measure. This is seen most
directly from the path integral whose dieomorphism invariant denition at general D requires
a factor 4
p−g(D) where g(D) is the determinant of the original D-dimensional metric [22]. By Eq.
(1) this yields a factor e−φ so that the scalar eld ~f redened as ~f = f e−φ possesses a trivial
measure. Of course, such a factor is nothing else but the inverse power of the radius required
for a proper inclusion of s-wave excitations. Also here we consider the more general case
~f = f e−ϕ(φ) (11)
and take the standard path integral measure for ~f . Namely, we require
∫
(d ~f) 4
p−g exp(i ∫ p−g ~f 2)
be a eld independent (innite) constant.
2.2 Nonconservation of the energy momentum tensor for dilaton cou-
pled fields
For nonminimal coupling of the scalars to the dilaton eld the conservation law for the EM tensor
must be modied. Classically the matter eld action is invariant under the dieomorphism
transformations
gµν = rµν +rνµ ;
 = ν@ν ; (12)
f = ν@νf ;
where  denotes either the dilaton eld  or any local function thereof. By applying the trans-
formation (12) to the action S(m) we obtain on the mass-shell for the scalar eld












The symmetry (12) is retained also at the quantum level when the scalar eld is integrated
out. Thus Eq. (13) holds as well for the expectation values, i.e. for the corresponding quantities
computed from the one-loop eective action W . Recently the appearance of a nonconservation
equation (13) in D = 2 has been noted after reduction from the D = 4 case [17, 18]. As seen
from the simple derivation above such a relation holds in fact for any generic dilaton theory in
any dimension. It could also be interpreted as an \extended" conservation law, involving W=
as part of an extended EM tensor.
3 Effective action for dilaton theories
Expressing the classical action related to Lagrangian (10) in terms of the eld ~f according to
Eq. (11) yields the classical action
S = −1
2
∫ p−gd2x ~fA ~f ; (15)
containing the dierential operator
A = −e−2ϕ+2ψgµν(rµrν + 2( ,µ − ’,µ)rν + (rµrν )− 2’,µ ,ν +  ,µ ,ν) : (16)




Tr lnA : (17)
W depends on the metric, on ’ and  which in the following all will be regarded as independent
(background) elds. In Eq. (17) W represents the Euclidean action. The path integral leading
to that equation should be done with
p−g ! ipg in Eq. (15) to obtain the -function regular-
ization method with elliptic dierential operator A after continuation to the Euclidean domain.
This is implied in the following, although we retain Minkowski space notation.




 0A(0); A(s) = Tr(A
−s) : (18)
Prime denotes dierentiation with respect to s.
Evaluation of the  0A(0) in general is quite a tedious task. For the case of a generic operator A
no analytic formulas are available. Fortunately, as will be shown below, in the particular case of
Eq. (16) variations of the  0A(0) with respect to the dilaton eld and to the scale transformation
of the metric can be reduced to known heat kernel coecients for certain second order operators.
First, we repeat our derivation [12] of the the trace of the EM tensor. The variation of the
zeta function with respect to a certain parameter or eld is related to the one of the operator A
as [25, 26]
A(s) = −sTr((A)A−1−s) : (19)
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p−g  k(x) T µµ (x) : (20)
Due to the multiplicative transformation property A = −kA of Eq. (16) (valid in D = 2 only)
powers of A in Eq. (19) recombine to A−s. With the denition of a generalized -function [27]
(sjk; A) = Tr(kA−s) (21)
the variation in Eq. (20) can be identied with
W = −1
2
(0jk; A) : (22)




p−gk(x)T µµ (x) : (23)
By a Mellin transformation one can show that (0jk; A) = a1(k; A) [27], where a1 is dened
as a coecient in a small t asymptotic expansion of the heat kernel:




To evaluate a1 according to [27] we rewrite A as (r^µ refers to the metric g^µν)
A = −(g^µνDµDν + E); E = g^µν(−’,µ’,ν + r^µr^ν ’) ; (25)








−g^k(R^ + 6E) : (26)
tr denotes ordinary trace over all matrix indices (if any). In the present case this is a trivial
operation. However, below we will need the heat kernel coecient a1 for a matrix operator where
the more general formula (26) is essential. Returning to the initial metric and comparing with
Eq. (20) the most general form of the ‘conformal anomaly’ for non-minimal coupling in D = 2




(R− 6(r’)2 + 42’+ 22 ) : (27)
The variation of the eective action with respect to ’ or  does not exhibit the same multi-
plicative property as the conformal variation, because after substituting in Eq. (19) the variation
of A does not recombine to powers of A. Therefore, the heat kernel technique is not applicable
to the evaluation of Eq. (19) as it stands. However, crucial simplications occur after transition
to flat space by means of a conformal transformation. In conformal gauge gµν = e
2ρµν with flat














is obvious, with an analogous one for the variation with respect to  . The rst term on the right



























p− ~f 12 (A) ~f
)
; (30)
where we have doubled bosonic degrees of freedom by introducing the two-component eld ~f .
In flat space the integral in the exponential in Eq. (30) can be rewritten as∫
d2x
p− ~f 12 (A) ~f =
∫
d2x
p− ~f DDy ~f : (31)
Here new dierential operators in spinor space D = iγµeψ@µe
−ϕ and Dy = D( $ −’) have








~f + µνe2(ψ−ϕ)’,µ@ν(~fγ5 ~f)
]
(32)





holds. For the -function of the operator DDy we use its representation in terms of an inverse






dt ts−1Tr exp(−tDDy) : (34)




























−2 DDy(−tDDy)−s−1 + 2’DyD(−tDyD)−s−1
)
= −2sTr ((DDy)−s − (DyD)−s’) (35)
Thus the introduction of DDy has provided a means to achieve multiplicative factors for the two
variations { at least in flat space, but this is sucient for our purpose. By dierentiating Eq.
(35) with respect to s one arrives at
 0DDy(0) = −2((0j ;DDy)− (0j’;DyD))
= −2(a1( ;DDy)− a1(’;DyD)) : (36)
6
To evaluate a1 in the rst term on the right hand side of Eq. (36) we again use the method
of [27]. Introducing yet another type of dierential operator in spinor space, we represent the
operator DDy as
DDy = −(g^µνDµDν + E) ;
Dν = @ν +  ,ν − ’,ν − γ5µν’,µ ; g^µν = e2(ψ−ϕ)µν ;
E = g^µν (r^µr^ν’) ; (37)
and again use the result (26). The covariant derivatives r^µ refer to the present metric g^µν . In
a similar manner the second heat kernel coecient a1 for the operator D
yD is obtained by the
replacement ’! − ,  ! −’. From Eq. (36) with  = µν@µ@ν





p− [ (2’+  ) + ’(2 + ’)] (38)
follows. The curved space version of Eq. (38) can be obtained by means of the identity
p− =p−g2 = p−g gµνrµrν . We have retained the determinant also for the flat metric in order to
cover the case of light cone coordinates (7) where  = det  6= −1.
















p−(−− 3(@µ’)2 + 2’+  ) : (41)
The solutions to Eqs. (39)-(41) can be found by inspection :




p−(− + 2 −   − 6(@µ’)2 + 4’− 4’ − ’’) : (42)
By the replacements
p− = p−g2 when acting on ’ or  , and p− = −1
2
p−gR and
some partial integrations the integrated eective action can be brought into covariant form:








R2−1R + 3(r’)22−1R− 2R( + ’) +
+(r )2 + (r’)2 + 4(rµ )(rµ’)
]
+W (; 0) : (43)
The rst term in Eq. (43) represents the Polyakov action [19] for minimal coupling (’ =  = 0)
of the scalar elds. ’() and  () encode a general dilaton coupling of the scalars and of the
dilaton-dependent measure, respectively. Thus Eq. (43) generalizes the Polyakov action for the
case of non-minimal coupling to the dilaton eld. The appearance of a new nonlocal term should
be emphasized. A functional integral applied to a bounded region in space time always contains
ambiguities with respect to eventual surface variables. In that case Eq. (43) may acquire further
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(here undetermined) contributions. The terms W (; 0) depending on the renormalization points
; 0 will be discussed below.








R2−1R− 12(r)22−1R + 12R− 24(r)2
]
+W (; 0) : (44)
It shows a new nonlocal term not present in the analogous formula of [9]. Also the other dilaton
terms are quite dierent. Of course, dierent regularization should be unimportant for \physical
observables" { in our case the flux to J +.
Usually, the full eective action including conformally invariant part is available as a power
series in a small parameter [28]. No such parameter exists for the BH background. Therefore, the
closed form of the action (44) is essential. Two previous famous examples where such a closed
form could be obtained were the Polyakov and WZNW actions. In those cases the eective
actions were completely dened by the corresponding anomalies. For general dilaton theories in
D = 2 we have here a similar situation, because the \dilaton anomaly" Eqs. (30), (40) ultimately
can be interpreted as carrying the information of part of the conformal anomaly belonging to
some theory in D dimensions.
4 Hawking radiation
As pointed out above, the direct derivation of the Hawking flux to J + from Eq. (44) has to rely
on a complete functional integration of the action. This is avoided in the Christensen-Fulling
approach [8] where only an ordinary integration is required.
In conformal light cone coordinates Eqs. (7), (8) we separate the conformal anomaly (27) for
’ =  =  as












(@+@−− (@+)(@−)) : (47)






(2@µ(@µ) + − 2) : (48)
Equation (13) for the minus component of the index  becomes
@+T−− = −@−T+− + 2(@−) T+− −
−(@−)
2
[@+@−+ @+(@−) + @−(@+)− 2(@+@−)] : (49)
From Eqs. (7) and (8) the external elds only depend on z(u), therefore Eq. (49) may be
integrated straightforwardly. Choosing the limits zh = −1 and z = 1 for T−− we take into
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account the condition of a nite flux (in Kruskal coordinates) at the horizon [8] which means
vanishing T−− at z = −1. The integrated rst term on the right hand side of Eq. (49) only
contributes at the limits of the integral. It vanishes there (cf. Eqs. (6)-(8)). The integral from










If expressed in terms of the Hawking temperature it does not depend on the dimension. Of
course, the corresponding flux of the unreduced theory acquires an additional factor proportional
to TH
D−2 from proper counting of further degrees of freedom on SD−2. Inserting the nonminimal
contribution Eq. (47) from the anomaly T
(1)




















= −9(D − 2)
2(D − 1) T
min
−− : (51)
In terms of the parameter a in the models of Eq. (3) this result has been obtained already
in [12]. Together with Tmin−− this would yield the unphysical result of a negative flux. However,
the nonconservation also implies the additional terms in the second line of Eq. (49). The last,
-independent one only contributes a total derivative to the z-integral which from the explicit
expression of  in Eq. (5) with Eq. (8) again vanishes at the limits of integration. The remaining
terms by partial integrals may be written as
T
(2)











where the second term on the right hand side of Eq. (52) vanishes. We thus observe complete
cancellation of the dilaton dependent terms in the flux. Comparing Eq. (51) with the additional
terms derived in [9] for T−−, the appearance of the same overall factor V = @2− (@)2 for the
\improved" case should be noted. In [9] V was treated perturbatively.
It is instructive to compare this result to the one of a direct computation of T−−jz!1 from
the functionally integrated eective action. In the variation of Eq. (44) with respect to gµν all
terms proportional to gµν itself may be discarded because they do not give any contribution in
the conformal light cone gauge. Also the variation of
p−gR vanishes identically because it is
proportional to the Einstein tensor in D = 2. Thus the only surviving terms beside the one
from minimally coupled scalars in conformal gauge are proportional to quadratic expressions of
(@+) and (@−):











Again from (@) / K=u (cf. Eqs. (4)-(8)) the terms in square brackets vanish at innity as
well as at the horizon and therefore do not aect the flux at J +.
In the framework of the zeta function regularization the renormalization ambiguity is taken
into account by the terms





in WSRG, Eq. (44). Here we need two normalization parameters,  and 
0, since we use zeta
functions of two dierent operators. From A(0) = a1(1; A) and the explicit formulas (25), (26)











However, the contribution of Eq. (55) to T−− vanishes at innity as well as at the horizon.
5 Conclusions
With Eq. (43) of our present paper we are able to present the { to the best of our knowledge {
rst complete derivation of the eective one-loop action in D = 2 for a general dilaton theory.
The nonminimal coupling to scalar elds encoded by ’() and the dilaton measure  () may
be specialized to any given dilaton model. This expression, as well as the one of Eq. (44) with
’ =  =  for spherically reduced gravity from D dimensions beside the Polyakov term contains
another nonlocal contribution. Our derivation consistently uses -function regularization for
all terms. We are able to tie in the functional derivative for the dilaton eld with a kind of
integrability condition involving the 2D scale anomaly together with a contribution which refers
to a flat background. Integrating the nonconservation of the energy momentum tensor we nd
that the Hawking radiation at innity is identical to the one for minimally coupled scalars. This
result is conrmed by a computation using the functionally integrated eective action.
The cancellation of dilaton dependent terms in the flux does not seem too surprising in view
of the fact that this is true also in the D = 4 calculation. Thus the input for a complete D = 2
computation should therefore be the same one as from the D = 4 anomaly. In D = 2 the eect
of that anomaly is separated into the information encoded in the D = 2 anomaly plus another
contribution which is expressible as a functional derivative of the eective action with respect
to the dilaton eld. Indeed, the relation of the latter quantity to the \transversal" part of the
D = 4 anomaly has been pointed out already in [9] and [17].
From our present result one may be tempted to deduce hopes regarding the applicability of our
approach to elds with more degrees of freedom and for waves with higher angular momentum.
However, we believe that all our present arguments are intimately related to the very special
case of scalar elds in two dimensions. Dierent methods are likely to be necessary for more
general cases.
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